


explainthepresenceof movementdeflections[15]. Thresholdmodelshavealsobeencriticized
for beingunableto capturesubjects'fastappraisalof their environmentandtaskdemands
[16]. In fact,it seemstoo slowof anstrategyto wait for thresholdsin naturalenvironments
with non-stationaryproperties(e.g.ariver) in whichcategoricalresponses(e.g.moveleft)
might not beappropriate.Forexample,asalmonin ariver with strongcurrentsmight bebet-
ter off continuouslyusinginformation from its surroundingsin adynamicalfeedbacksystem,
thanthresholdingeachof its individual control actions.

An alternativeparadigmfor understandingactionis thatevidenceisusedcontinuouslyand
behaviordevelopsalongtheoutputof aninferenceovertheevidencestream.To testthis idea,
weanalyzeddatafrom anumbercomparisontaskin whichparticipantswereaskedto com-
paretwo arraysof dotsthatdifferedin number.Their taskwasto point to themorenumerous
arraybydisplacingtheindexfingerfrom adistantstartingpositionto oneof two targetson a
computerscreen.During thechoiceresponse,subjects'reachtrajectorieswerespatiallymodu-
latedby thedifficulty of thenumbercomparison.Reachingresponsesweresensitiveto the
numericaldistance,with closernumbersgeneratingpositionsproximalto themidline between
thetwo targets(Fig1).Theresultsindicatedthatnumberprocessingoccursduring themotor
response,alongthereachingtrajectory[17].

With thepurposeof explainingtheempiricalresults,wedevelopeda threshold-free move-
mentmodelin whichanoptimalmotor planner[18] wascombinedwith continuousstatistical
inferenceaboutthecorrecttargetfor amovement.Becausethemodelis thresholdfree,move-
menteffectivelyªstartsºimmediatelyafterthefirst unitsof evidencestartto arrive,but slowly
at thebeginningdueto highuncertainty.Asevidenceaccumulates,certaintyincreasesandthe
effectorheadsto thebesttarget.With suchaframeworkwereproducedsignaturebehavioral
findings,including thesensitivityof motor positioning,accuracy,andreactiontimesto
numericaldistance.In thenextsectionswepresentthemodelandarguethat it providesapar-
simoniousaccountof numericaldecision-makingandmotor responsesmodulatedbycogni-
tiveoutput.Furthermore,theuseof anumericaltaskis incidentalin thesensethat this isnot
aninvestigationon thenatureof mentalnumberrepresentation,saylog.vs.linear,but of a
decisionmechanism.Therefore,thepresentedframeworkispotentiallyapplicableto other
judgmentsanddecisionsandit raisesthenovelpossibilitythatdecisionthresholdsareunnec-
essaryin othertasksoncemodelsof motor planningimplementstatisticalinferencein deci-
sion-making.

Experiment

Materials and methods

Ethical statement. Experimentalproceduresadheredto universityandnationalethics
standards,asapprovedby theResearchSubjectsReviewBoardat theUniversityof Rochester.
All participantsprovidedwritten consentto participatein thestudy.

Participants. 22right-handedparticipants(13female;Meanage:20.5yrs,SD:2.2yrs)
participatedin theexperiment.

Task and apparatus. Participantswereaskedto report thesidewith moredotsby reach-
ing to largecleartargetson ascreenwith their indexfinger(Fig1).At eachtrial, movement
started*29cmfrom thescreen,with theindexfingerpressingdownon astartbutton.Dots
stayedon-screenfor 200msandsubjectswerefreeto releasethebutton anytimeandreachto
thedesiredtarget.Flight time wasnot enforcedandno performancefeedbackwasprovided.

Fivenumericalratioswereused(0.1,0.25,0.5,0.75and0.9)equallydistributedamong420
trials(presentedin 4 blocks).Forexample,aratio of 0.1isatrial with 1 dot vs.10dots(we
usedmaximum25dots).Thesidewith moredotswascounterbalanced.In halfof thetrials
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bothsideshadequalcumulativeareacoveredby thedots(this is theareaof eachdot summed
overall dots),intendedto discouragetheuseof thisvisualcue.Also,by randomlyplacingthe
dotsadensitystrategywasthwarted.In general,it iswellstablishedthatpeoplecanusevisual
numberoverothercues[1, 20±22].

Recordingwasdonewith aNorthern Digital Optotrak3020,samplingat200Hz,and
stopped4cmfrom thescreen.Thiswasmostlyfor technicalreasonsi.e.avoidsignalloss
whenapproachingthescreen.Trajectorieswheresubjectspulledbackduring flight werenot

Fig 1. Task (A), reach gradient (B), and discrete behavioral measures (C). (A) Subjectswereaskedto report themorenumerousarrayof dotsby
movingtheir indexfingerfrom astartingpositionto oneof two targetson screenrepresentingeacharray.Thenumberof thearraysdifferedby fixed
ratios;for instancea0.1ratio couldbeatrial with 1dot vs10dots.Themaximumnumberof dotson agivenarraywas25.(B) Averagesubjects'reach
revealedanorganizedgradientasafunction of numericalratio.Theheatbarbelowrepresentssignificanceof numberratio effectsateachtimestep,
estimatedwith functional ANOVAs[19]. (C) Accuracyandresponsetimesweresensitiveto numericalratio.Dashedline in accuracyplot wasfitted
with Eq2:Weberfraction= 0.17.Meanhorizontalpositionsalongthetrajectory(HP) arealsoshownasadiscretesummaryof thetrajectories.For
readerswith pooraccessto color information (e.g.blackandwhiteprint or colorblindness),all linesandpointsin thisandtheremainingfiguresare
mostlyorganizedaccordingto numericalratio: in plotswith horz.positionseasierratiosweremorepositive;in accuracyplotseasierratiosweremore
accurate;in RTplotseasierratioswerefaster(alsothex-axisisusuallydepictingnumericalratio).Shadinganderror barsares.e.m.

https://doi.org/10.1371/journal.pone.0195188.g001
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analyzed(7.66%dropout)andonly correcttrialswereconsidered(seereachin incorrecttrials
in S9Fig).A correcttrial wasdefinedasatrajectorywith 50%or moreof points,including the
endpoint, on theappropriateresponsesideasdeterminedby themidline of thescreen(90%
of trajectories).Therefore,anyobservedreachingmodulationis relatedto motor plansthat
wereheadingtowardthecorrecttargetmostof thetime.To havethesamenumberof points
for all trajectories,time wasnormalizedto anarbitrarynumberof points(101)[17,23±25].
Leftandright trajectorieswereaveragedby flipping thesignof theleft trajectory(seeleft and
right reachseparatelyin S2Fig).Resultsfocusedon thehorizontalaxisastheresponsetargets
wereplacedlaterally,andnumberratio effectswerevisiblydampenedin thedepthcoordinate
(S4Fig).

Model: Evidence and controller

Themodelaccumulatedevidence,executedstatisticalinferenceon thepotentialtargetof
behaviorgiventheevidence,andpositionedthemotor effectorwith anoptimal feedbackcon-
troller. Thissetup allowedusto exploreplausiblecognitivevariablesinvolvedin adecision-
makingtaskthat requiresanumberjudgment:samplerate(R), samplememorydecay(D),
andacuityof theBayesianestimateof thenumericaldifference(W). Thegeneralpicturewe
describeis that theparticipantsaccumulateevidenceaboutwhichchoiceis thecorrectone,
weightthisevidenceaccordingto amemorydecay,andfeedtheir estimatesanduncertainty
into acontinuously-operatingmotor controllerin orderto move(Fig2).Notethat theterm
ªaccumulationºisnot referringto theaccumulatormodelin numbercognitionliterature.We
understandaccumulationastheprocessof obtainingandrecordingsamplesfrom aninternal
representation(seebelowfor details)while thenumbercognitionaccumulatorrefersto a
modelof non-verbalcounting[26].

Evidence

Noisyevidencewassampledfrom theinternalrepresentationof thenumericaldifference.The
internalrepresentationwasassumedGaussian,followingstandardpsychophysicsof number
[27,28],

sðiÞ � Normal jnL � nRj;o
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2
L þ n2

R

p� �
ð1Þ

s(i) is thesamplei, takeneveryRms(afreeparameter).Thesymbol* standsfor ªdistributed
asº.nL andnR arethepresentednumberson eachside.Samplesformedtheevidencestream
s = (s1, s2, s3,. . ., si,. . ., sn), with n denotingthetotalnumberof samplesatagivenmovement
time t. Thevaluesfor Rwereboundedto bebetween1-100msto reflectrealisticvaluesof spik-
ing ratesof numberprocessingneurons[29]. A negativesamplefrom Eq(1) isevidencefavor-
ing thewrongnumber.

Thevalueofω determinesevidencenoise(Eq(1)).Followingnumbercognitionliteratureit
will bereferredto astheWeberfractionandit iscomputedby fitting averageerror rateacross
participantsto,

1

2
erfc

jnL � nRj

o
ffiffiffi
2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2
L þ n2

R

p

 !

ð2Þ

erfc is thecomplementaryerror function [30]. A Weberfractionwascomputedfor eachpartic-
ipant.TheobtainedmeanWeberfractionfrom participants'choiceswasequalto 0.17(s.d.=
0.04;meanR2 = 0.96,s.d.= 0.02),in line with previousnumbercomparisonexperiments[31].
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WealsocomputedaWeberfractionusingall thedataandtheobtainedvaluewasalsoaround
0.17.In themodelweusedthelatter.

Thenumericalstimuluswason-screenfor abrief time whichmeansthatevidencesamples
wereproducedfrom memory(seesamplingfrom memoryin [32]). Weintroducedamemory
decayto theevidencestreamsin orderto modelaupweightingof initial information in the
statisticalinference.Weusedanexponentialmovingaverage(EMA) [33]

EMAðiÞ ¼ D � sðiÞ þ ð1 � DÞ � EMAði � 1Þ ð3Þ

WeinitializeEMA(0) = s(1).D isafreeparameterbetween0 and1 thatdeterminesthe
strengthof thememorydecay.Forexample,if D = 1 theevidencestreamsisunmodified(no
memoryof previoussamples).Alternatively,aD closeto 0 makestheseriesgravitatearound
theinitial sample,akin to asystemwith primacyeffectsin memory[34] (for visualizationsof
howthememorydecayparameterworksseeS1Fig).Otherwayof interpretingD isasagener-
alizationof differentaccumulationschemes.A D = 1 isamemory-freestochasticaccumulator
in whichonly thenoiseof thesamplingdetermineschoice[35]. A D = 0 isanon-stochastic

Fig 2. Model diagram. (1) Theapproximatenumbersystemproducesevidence/samplesatarateRe.g.every30ms.(2) Thisgeneratesastreamof
evidence.Theimportanceof eachsampledecayswith arateD (S1Fig).Thedecayaccountsfor memoryeffectsin participants.(3) Insteadof summing
thestreamto athreshold, evidenceisusedto infer whichtargethasthelargernumber.Asmoresamplesarrivethewidth or confidenceon the
estimationimproves. (4) Theindexfingerisplacedbyamotor controllerthatminimizesmovementjerk andthat issloweddownby thedegreeof
confidence.Thegreenandcyanarrowssymbolizethehardestandeasiestnumericalratio, respectively. Their lengthdepictdegreeof uncertainty;e.g.
hardercomparisonsproducestrongerpullsto theotherresponsetarget.Theredline acrosspanelsis theveridicalnumericaldifference.

https://doi.org/10.1371/journal.pone.0195188.g002
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linearballisticaccumulator[10] in thatsamplingnoiseiscompletelyreducedby theinitial
sample.Valuesin betweencanberegardedascontinuousvariationsof thesepossibilities.

Controller and statistical inference

Themodelusedanoptimal feedbackcontrol,aframeworkthathasbeensuccessfulatexplain-
ing awidearrayof motor behavior[36]. In general,this frameworkproposesthatmotor com-
mandstry to minimizeacostfunction alongthemovement,whileconcurrentlytakinginto
accountthepresentstateof thesystemandtaskdemands.Thisflexibility wasessentialfor our
purposesof generatingmovementsthatwereaffectedbycontinuousnumberprocessing.

Specifically,wetacklethekinematicproblemwith acriterion of jerk (third derivativeof
position)minimization [37] andanoptimal feedbackcontrollerderivedby [18] (referto those
worksfor further detailson theanalyticalderivations).At eachtime stept, changesto thestate
q of themotor effectorweredeterminedby,

_qðtÞ ¼
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Thecontrollerusedthecurrentpositionx, velocity _x, acceleration€x, theremainingtime
δ = tf − t, andtheendtargetxf, to updatetheeffectorstate.Heret refersto currentmovement
time andtf to totalmovementtime.Movementtime tf wasrandomlysampledat thebeginning
of eachsimulatedtrial from thedataof theappropriateratio.Eventhoughfixedmovement
timesarenot ideal,spontaneouslygeneratingthemisadifficult problemandmanyinfluential
motor modelsuseasimilarstrategyof derivingthemfrom data[18,23,37,38].For theinter-
estedreader,derivationsof optimalmovementtime for thejerk modelcanbefound in [39].
Thekinematicstateqwasinitializedat0.

Recentwork suggeststhatmotor plansaremodulatedbycertainty[40], anassumptionthat
weincorporateandextend.Themodelfirst determinedtheprobabilityof whichsidehadthe
largestnumberof dotswith thecumulativeprobability,

pL ¼ pðm > 0Þ; ð5Þ

pR ¼ 1 � pL ð6Þ

with μ = nL − nR i.e.thenumericaldifference.If theleft sidehasthelargernumber,Eq(5) rep-
resentstheprobabilityof beingcorrect.

TheprobabilitiespL andpR evolvedaccordingto thesamplednumbers.More concretely,
weassumedthatsubjectsweretrying to positiontheeffectorwith thebestpossibleestimate
of thenumericaldifferenceμ = nL − nR, givenall thesamplese in EMA takenup to time t.
Thenumericaldifferenceμwasinferredwith auniform prior p(μ), andnormal likelihood
p(e|μ,W, n1, n2,);with W asafreeparameterrepresentingthelikelihoodnoise.Theresulting
posteriorp(μ|W, n1, n2, e) from auniform prior andnormal likelihoodis itselfnormallydis-
tributed (dueto spaceconsiderationswedirect thereaderinterestedin thisderivationto [41]),

p mjW; n1; n2; eð Þ � N �e;
W
n

� �

ð7Þ

where,�e is themeanof theEMA samples.ThefreeparameterW determinestheoverallconfi-
dencein theobtainedmeannumericaldifference.It shouldnot beconfusedwith ω above,
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whichdeterminesthenoiseof theinternalnumericalsamples:ω characterizessamplingin per-
ception,whileW characterizesconfidencein action.Conceptually,Eq7 tellsusthat theBayes-
ian estimateof μ iscenteredat themeanof thesamplese andthenoiseof thatestimate(W) is
reducedasmoresamples(n) arrive.In moredirect terms,aBayesianagentshouldbemore
confidentof their numericalperceptionastheygetmoreevidence.

Headingdirectionwasthendeterminedwith thelargestprobabilitye.g.if pL� pR, moveto
theleft.Thecertaintywasdefinedto bearescalingof theentropyoverpL andpR thatgivesa
measurebetween0and1:

certainty ¼
Hð0:5Þ � HðpLÞ

Hð0:5Þ
¼
Hð0:5Þ � HðpRÞ

Hð0:5Þ
ð8Þ

whereH(p) = −(p logp + (1− p)log(1− p)). Thus,Eq(8) effectivelymeasureshowmuchinfor-
mationthereis favoringthecurrentheadingdirection.

Thecertaintyis thenusedto modulatethemotor update,

weighted _q ¼ certainty � _q ð9Þ

Theincorporationof certaintyisequivalentto delayingtheupdatesof theeffectorwithout
alteringthenatureof theoptimalcontrol (minimizing jerk).Theendresultis thatvelocityand
theotherkinematicchangesaresloweddownaccordingto theavailablelevelof information.

Traditional threshold model

Wealsoimplementedamoretraditional thresholdmodel[5] with fiveparameters:threshold
(thr), drift of samples(dft), varianceof samples(sig2),non-decisiontime (ndt), collapserateof
threshold(k). Weactuallytestedtwo versions:a)onedrift that functionallychangedwith diffi-
culty levelandb) fivedrifts.Resultswerepracticallysimilarwith bothversionsandwedecided
to presenttheresultsof thesimplerfirst version.Thefunctionalform thatweusedwasbased
on atraditional formulain numbercognitionliteraturethat reflectshownumericalratio
affectsdifficulty [30],

driftTriali ¼ 1 � erfc
absðratioi � 1Þ
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Thethresholdcollapsedeverymsasfollows,

thresholdðtÞ ¼
thr
ð1þ tÞk

ð11Þ

Fitting

Themodelhasthreefreeparameters:samplingrate(R), confidence/acuity(W), andmemory
decay(D). Fitting themallowsusto testtheinfluenceof thesecognitivevariables.Parameter
valuesweredeterminedwith aglobalsearchof theparameterspacewith theDIRECT-Lalgo-
rithm [42] asimplementedin nloptR[43]. Thealgorithmminimizedthesumof two mean-
squarederrors(MSE):1) MSEof meanhorizontalpositionsalongthetrajectory(Fig1C),and
2) MSEof accuracy(Fig1C).Wesimulated480trajectoriespernumericalratio andcomputed
anaveragesimulatedtrajectoryfor theMSE.Aswith data,wenormalizedtime to 101points
andusepositionsup to 99%of theendtargetto accountfor thegapthatwasnot recorded(see
Taskandapparatus).
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Wedid not modelabutton andtheforcesrequiredto releaseit. Weusedthemedian
amountof movementbeforeparticipantsreleasedthebutton.Themedianvaluewas0.28mm
acrossparticipants.Weusedthat referenceto defineRT.RTwastheamountof time required
to move0.28mm plusnon-decisiontime.Non-decisiontime refersto aconstanttime,mainly
visualandmotor responsedelays[5]. Thiswassetmanually,afterthefitting procedure,with
valuesfound in thethresholdliterature:200-500ms[7, 15].

Changesof mind weredefinedascorrector incorrecttrajectoriesthatpenetrated1cmof
theoppositesideof thelastrecordedpositionof theindexfinger.

Accuracyandresponsetimesfor thetraditional thresholdmodelwerefitted usingBADS
algorithm[44] (againminimizing afunction of MSE).After obtainingthebestparameterswe
thenproducedpositionsasexplainedalongthemain text.

Interim summary

Thenumbercomparisontask(Fig1) wasmodeledbycombiningkeyideasfrom threeinfluen-
tial approachesin thesensorimotordomain(Fig2).

1. Accumulationof evidence[4]: it wasassumedthatsubjectssampledevidenceaboutthe
numerosityfrom eachdisplayaccordingto Weber'slaw[27,28,30,45,46].Thisevidence
wassampledatarate(R) andit wasaffectedbyamemorydecay(D).

2. Bayesianinference[47]: themostlikely locationof thecorrectoption wasinferredusingthe
accumulatedevidenceandtheprecisionof theinferencewasdeterminedbyanacuity
parameter(W).

3. Optimal feedbackcontrol [18]: aminimizing jerk movementwasweightedbycertainty
[40] computedfrom theprobabilitiesof theinference.

Results

Participantswereaccurate(overallaccuracy= 90%)andrelativelyfast(meanRTbetweentri-
als= 510.8ms,s.d.= 254.5ms).A repeatedmeasuresANOVA revealedthataccuracy
(F (4,84)= 335.06,p< 0.001,Z2

g ¼ 0:92) andresponsetimes(F (4,84)= 6.34,p< 0.001,

Z2
g ¼ 0:08) weresensitiveto numericalratio (Fig1C).RTshavebeenpreviouslyreportedto be

fasterwhenlargernumbersareto theright side[48]. Nonethelessresponsesideeffectsand
interactionswith numericalratio werenot significant(p>0.7).

Averagetrajectoriesweresmooth[38,49,50]andthenumericaldistancebetweenthe
arraysmodulatedsubjectsreach(Fig1B),suggestingafluid integrationof cognitiverepresen-
tationsto motor plans.Thesmoothnessin Fig1Bisaresultof averagingalargeamountof tra-
jectories.Still,smoothreachcanbeobservablein singletrials(randomexamplesin S3Fig).

A continuousviewof decisionmakingpredictsthatchoicesignalsshouldbedetectableat
everytime stepof theprocess,not only at threshold.Themeanvalueof displacementsof the
infraredmarkerbeforethebutton beingdepressedandthemeanheadingangleduring the
first 100msweremodulatedbynumericalratio (Fig3) (micro motion: F (4,84)= 4.01,
p = 0.005,Z2

g ¼ 0:009; headingangle:F (4,84)= 2.57,p = 0.043,Z2
g ¼ 0:03).

To explainmodulationof behaviorin accuracy,RT,andreach,wetestedamodelwith 3
parameters:samplingrate(R),samplingmemorydecay(D), andlikelihoodnoise(W). The
modelreproducedtheobservedsensitivityto numericalratio acrossthethreemeasures
(Fig4).Suchsensitivityappearedbecauseevidencequalitydependson numericaldistance.For
example,whencomparingclosenumbers,say9dotsagainst10dots,perceptualevidenceis
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too noisyaffectingtheinference,delayingmotor output,andproducingslowerresponse
times.In general,themodelaccountsfor classicalindexesof mentalprocessingbymeansof
continuousstatisticalinferenceandoptimalmotor planning,without adecisionthreshold.

Perhapsbecauseour taskwasmemoryintensive(stimuluswasstaticandon screenfor only
200ms)thebestmodelrequiredstrongprimacyeffects(D = 0.06;or, equivalently,it behaved
asanoise-reducedlinearaccumulator).To further testhowgeneralwastheprocessof contin-
uousinferenceregardlessof memorydynamicswefitted positionsto themostbasicmodel:
samplingrate(R), likelihoodnoise(W), but no memorydecay(D = 1).Eventhoughthesimu-
latedeffectswerelesshuman-like,thesensitivityto numericalratio in reach,accuracy,and
responsetime wasstill present(S5Fig).Thissupportsthenotion thataslowlyevolvingmotor
planthat takestime to generatemomentumdueto statisticaluncertaintyisbehindthe
observedreachgradient.

It ispossibleto extendthemodelto includedecisionthresholds.Samplesfrom Eq3 were
summedup andoncetheaccumulationgot to a± thresholdmotor positioningandstatistical
inferencebegan(Eqs4 and9).Statisticalinferencewasdonewith preandpost-thresholdsam-
ples.Thebestfit modelrequiredapracticallyzerothreshold(0.27).Thereasona0.27threshold
ispracticallyzeroisbetterappreciatedwith anexample.Whencomparing5 vs.10themean
valueof evidenceis5 (seeEq1).Moreover,assumingaWeberfractionof 0.17,theprobability
of anevidencevaluelessor equalto 0.27is roughly0.006(Eq1).Thismeansthatanyinitial
sampleisenoughto initiate movementi.e.no thresholdis required.Thealternativeis to claim
that0.27isnot literallyzero.Webelievethat this isanexcessivelyconservativestance.To reit-
erate,evidencein our modelis in unitsof numericaldifference.Weusednumericalvaluesin
therangeof 1 to 32;a0.27thresholdisminiscule.

A sensitivityanalysisrevealsthemaindifficulty thresholdshavein explainingreachinggra-
dientsin our model(Fig5).Sufficientlylargethresholdsallowfor theproductionof enough
information to confidentlydecidewhichtargetto hit. Thus,asthresholdsincreasereach
becomesdirectandmodulationsby trial difficulty disappear(Fig5).Thechallengefor a
thresholdmodelis to translateevidencequalityatdecisionto amotor plan.Our modelisa
plausibleimplementationandmakestransparentonepotentiallimitation of thresholdsto

Fig 3. Mean micro motion before lift-off (left) and heading angle during the first 100 ms after lift-off on correct trials (right). Therewereearly
signsof modulation of movement bycognitivedifficulty. Headingdirectionwascomputedastheangleof thevectorformedby theinfraredposition
andtheinitial positionat thetime of peakvelocity[51].Error barsarewithin s.e.m.[52].

https://doi.org/10.1371/journal.pone.0195188.g003
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explaincognitivemodulationof reaching:with enoughinformation movementshouldbedeci-
siveandstraightto target;howeverthis isnot observed.

Wealsotestedamoretraditional thresholdmodelwith fiveparameters:threshold(thr),
drift of samples(dft), varianceof samples(sig2),non-decisiontime (ndt), andcollapserateof
threshold(k). Thegeneralideaof traditional thresholdmodelsis thatevidenceisaccumulated
up to adecisionthreshold(thr). Thisevidenceissampledfrom aGaussiandistribution with
meanequalto thedrift (dft) andvariance(sig2).Themodelassumesafixeddelay,callednon-
decisiontime,arisingfrom initial perceptualencodingandmotor output stagesunrelatedto

Fig 4. The proposed framework reproduced the sensitivity of participants to numerical ratio in reach, accuracy, and response times (for RT

distributions and incorrect RTs see S7 and S8 Figs). Error barsares.e.m.

https://doi.org/10.1371/journal.pone.0195188.g004
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thedecision.Finally,to accountfor somehumanbehavioralnuances,it hasbeenproposed
recentlythat thethresholdshouldcollapseastime passesby.

Traditional thresholdmodelsareexcellentat replicatinghumandiscretechoicepatterns
andasexpectedthemodelreproducedaccuracyandresponsetimesof humanparticipants
(Fig6).However,traditional thresholdmodelswerenot designedto dealwith motor position-
ing astheir objectivewasto explaindiscretechoice[5]. To generatemotor positions,wecom-
putedtheposteriorprobabilityof beingcorrectasfollows,

pðCorrjsamplesÞ ¼
pðsamplesjCorrÞpðCorrÞ

pðsamplesjCorrÞpðCorrÞ þ pðsamplesjIncorrÞpðIncorrÞ
ð12Þ

theprior of beingcorrector incorrectisp(Corr) = p(Incorr) = 0.5,thelikelihoodsp(samples|

Fig 5. Sensitivity of the best fit model to larger thresholds. Thetop panelshaveexamplesof differentthresholdlevels.Notehowthereachinggradient
getsweakerwith largerthresholds(left to right). Thebottompanelhasthegoodnessof fit measureasafunction of thresholdvalues.Reddotsarefor the
examplesin thetop panels.

https://doi.org/10.1371/journal.pone.0195188.g005
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Corr) andp(samples|Incorr)wereassumedGaussiani.e.* Normal(dft,sig2)and* Normal
(-dft, sig2),respectively.It hasbeenproposedbeforethataproxyof confidenceis to computea
likelihoodratio betweenbothhypothesesandplaceanewthresholdon thatmetric [53]. But
thequestionremainson howto transformthat likelihoodratio to motion. Instead,to compute
certainty(Eq8),weusedtheposteriorin Eq12becauseit isalreadyin probabilityspace,and
updatedpositionswith Eq9.Wefurther assumedthatsamplingcontinuedafterhitting the
threshold.

It is important to highlight that thismodeldiffersfrom our previousthresholdmodelin
that it hasacollapsingthreshold.Also,theparametersof theGaussianevidence:thedrift or
meanis relatedto cognitivedifficulty viaEq10andthevarianceisnot connectedto cognitive
difficulty. And finally, in theposterior:oneposteriorisbasedon two discretehypothesis(Eq
12)andtheotheron acontinuoushypothesisspace,namelytheestimateof thenumericaldif-
ference(Eq7).

Thetraditional thresholdmodelreplicateddiscretechoice,namelyaccuracyandresponse
times,but it couldnot displacetheindexfingerto thetarget(Fig6).Wetried to includeasec-
ondpost-lift off thresholdfor changesof mind andapost-lift off deadlineto stopaccumulation
[15] andselectthetargetwith highestposterior.However,it wasnot possibleto replicatethe
positiongradientevenwith theadditionof thesetwo parameters(S10Fig).Wenotethat this
resultdependson theposteriorused(Eq12)andthegeneralsetup.

Fig 6. Traditional threshold model. Themodelreproduceshumanaccuracyandresponsetimes(bottompanels).Themeanresponsetimesfor the
hardratios(redangreen)areslightlyfasterthanhumanparticipants, but thequantiles, includingthemedianarewell fitted (S11Fig).Reaching(top
right panel),however,wasdifferentfrom humansubjects.Bestfit parameters:thr = 0.62;dft = 0.28;ndt = 0.19s;sig2= 0.14;k = 3.56.

https://doi.org/10.1371/journal.pone.0195188.g006
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Thresholdscanexplaindiscretechoice(Fig6).Continuousoutput,however,imposeachal-
lengeon theframeworkthat requiresnon-trivial extensions.For instanceaddingpost-lift off
thresholds,time limits on accumulation,formalizationof confidencemetrics,andtheir inter-
actionwith motor plans.Wecouldnot strikethecorrectbalancesothatasingleor multiple
stagediscretethresholdmodelcouldexplainthedata(but in principle thereshouldexistan
appropriateone).A continuousinferencescheme,on theotherhand,wassuccessfulin
approximatinghumanchoicepatterns.

Changes of mind

Changesof mind aredeviationsof themotor effectortowardatargetdifferentfrom theinitial
selection.Theyareof interestbecausetheyconfirm thepresenceof onlineprocessingduring
reach.Eventhoughthemodelandthestaticnatureof thestimuluswerenot designedto probe
changesof mind, themodelwasableto producethem(Fig7D).

Fig 7. Changes of mind without post-lift off thresholds. (A) Changesof mind in humanparticipants.Thick color linesareaveragescoloredby
numericalratio.Arrowson thex-axisareameanproxyof wherethechangeof mind first appeared(thex coordinatesof theminimum pointsof thethick
lines).(B) Changesof mind producedbyaparametrizationof themodel.(C) Theyincreasedwith cognitivedifficulty, both in themodelandhumandata.
Theminority of changesof mind werefrom correctto incorrect(gold).(D) Examplesof doublechangesof mind in themodelandhumandata.

https://doi.org/10.1371/journal.pone.0195188.g007

A threshold-free model of numerosity comparisons

PLOS ONE | https://doi.org/10.1371/journal.pone.0195188 April 5, 2018 13 / 22

https://doi.org/10.1371/journal.pone.0195188.g007
https://doi.org/10.1371/journal.pone.0195188


Also,weobservedmorethanonechangeof mind in sometrials(Fig7D). In themodel,
changesof mind aretheresultof continuousstatisticalfluctuations.Thismeansthatmultiple
changesof mind arepossiblewithout additionalassumptions(Fig7D;theyarehighlyscarcein
humandataandthemodel(<0.3%).

Thirdly, amanually-tunedparametrizationof themodelreplicatesknowncharacteristicsof
changesof mind reportedin previousliterature[15]: 1) highlyscarceandmoreprevalentin
hardtrials(Fig7C);2) theytendto fix anerror i.e.theygofrom incorrectto correct(Fig7C);
and3) mostof themappearrelativelyfar from thetargetdependingin trial difficulty (see
arrowsin Fig7A and7B).Therefore,themodelin Fig7 representsaplausibleaveragecogni-
tivestatepresentwhenchangesof mind occurred.Thiswasobtainedwith amanuallytuned
modelbecausefitting themodelwith theglobalmethodbyaddingchangesof mind (seeMeth-
ods)producedamildly informativecompromisebetweenpositions,accuracy,andchangesof
mind. Thismayonly testifyaboutthedifficulty to fit 3dependentvariablesatonce.More rele-
vantis that themanually-tunedparametervalueswereinsightfulaboutchangesof mind as
continuousin nature.Note,however,that theparametervaluesobtainedby fitting positions
andaccuracy(Fig4) producedtoo fewchangesof mind (< 1%).Subjects'cognitiveparameters
mayhavefluctuatedto producetherateof observedchangesof mind (*3%).Thedetailsof
suchfluctuationarebeyondthiswork but couldbecausedbydropsin attentionor fatigue,
leadingto ahigherWeberfractionor analteredlikelihoodnoise.

Importantly,changesof mind canoccurin theproposedcontinuousregimeandcomply
with featuresfound in previousbehavioralwork [15]. Forexample,in themodelthereason
thatchangesof mind tendto beprevalentin hardtrialsandcorrectanerror is thataninitial
streamof incorrectevidenceismorelikely to occurwhennumbersareclose(Eq1) but as
moresamplesarrive,andbecausethereisacorrectanswer,theinitial streamof incorrectevi-
denceisoverrunandtheinferencechanges.Similarly,thepoint whereachangeof mind
occursalongthereachingtrajectorydependson numericaldistance(seecoloredtrianglesin
Fig7A and7B)becausedifficult comparisonsgeneratelow qualityinformation takinglonger
to overrunaninitial streamof incorrectevidence.

Weber fractions

Sofar weusedtheWeberfractionω estimatedfrom accuracy,followingstandardpracticesin
numbercognitionliterature(Eq2).With themodelit ispossibleto estimateit usingsubjects'
positionsand accuracy(seeMethods).That is,weaddω asafreeparameterin thefitting pro-
cedure.Wefoundparametervaluesthat reproducedsensitivityto numericalratio in reach,
accuracy,andresponsetime (Fig8).TheobtainedWeberfractionωwashigherthantheone
obtainedfrom accuracyalone(0.17vs0.39).A perceptualsystemthat isnoisier,asrevealedby
ahigherWeberfraction,reproducesaccuracy.In otherwords,eventhoughit ispossibleto
estimatealow Weberfractionfrom accuracytheunderlyinguncertainty,asrevealedby reach-
ing, isnot capturedby justusingpercentageof correctanswers.However,it isworth to high-
light that thelargerWeberfractionmayalsobeareflectionof astrongmemoryeffectin
sampling(D = 0.06).Futureexperimentscouldtry to separatememoryeffectsfrom purelyper-
ceptualnoise.

Discussion

Wepresentedamodelthat translatedahigh levelcognitiverepresentation,number,into
dynamicaction.Our threshold-freemodelaccountedfor thesubtletiesof humannumerical
decision-making,includingaccuracy,responsetime, thespatiallayoutof reachtrajectories,
andchangesof mind.
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Number cognition

Thereisaconsiderableamountof work exploringnumberrepresentationsandtheir effectson
movementplans[17,54±56].Thenoveltyof our work isaformalizationof howpsychophysical
representationsof numbermaybeprojectedto reach.Two relevanttheoreticalinsightsare
worth noting.First,themodelneverdirectlyprojectedthedetailsof thenumericalrepresenta-
tion. Previouswork hasproposedotherwiseandsuggeststhat themotor systemforcesloga-
rithmic scalesor numericalformatsin howthemotor effector,i.e.indexfinger,ismovedin
physicalspace[25,54,57].In our modelthedisplacementof theindexfinger isnot forcedto
follow preciseaspectsof thenumberrepresentation;it is thestateof theinferenceandconfi-
dencethat isbeingreflectedalongthereachingtrajectory(seeasimilardiscussionin [56]). In
abroadersense,movementmayonly beawindowto adomain-generalprocess,suchasconfi-
dence,ratherthandomain-specificaspectsof cognition(log.scalingof mentalspace).

Second,themodelallowedusto estimateWeberfractionsusingbothaccuracyandmove-
mentpatterns.WefoundalargerWeberfractionthantheoneestimatedfrom accuracyalone
(0.39vs0.17,respectively).Thissuggeststhathumannumericalsensitivitymaybemisesti-
matedif confidenceanddecisiondynamicsarenot takeninto account.Thishasdirect implica-
tionsfor matheducationgiventheeffortsto connectperceptualnumericalestimation,

Fig 8. Weber fraction estimation from dynamic (reach) and discrete (accuracy) dependent variables. In all thepreviousfigurestheWeberfraction
wasafixedparameterobtainedfrom subjects'accuracy,astraditionally donein mostpsychophysicspapersof numerosity. In this figure,wefitted a
modelwith theWeberfractionasafreeparameter.Thismeansthat theparameterisobtainedboth from dynamicreachanddiscreteaccuracy.By
includingreach,weobtainedahigherWeber(0.17vs0.39)i.e.anoisierperceptualsystemthat reproducesthesameaccuracyandreach.Error barsare
s.e.m.

https://doi.org/10.1371/journal.pone.0195188.g008
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numbermetacognition,andformalmathlearning[31,58,59].Bybringing forth theideathat
numericalestimationmaybeaffectedbyconfidenceor otherdecisionparameters,suchas
memoryin sampling,it maybepossibleto explainwhysomeresearchersfind positiveandoth-
ersnegativeresultsregardingtheimportanceof approximatenumericalestimationin formal/
symbolicmathematics;anargumentalsoextendedin [11]. In brief, theobservedrelation
betweentheapproximatenumbersystemandmathematicsmaybemediatedbyaspectsunre-
latedto numericalWeberratios(e.g.perhapsthequalityof theinferencevariesbetweenstu-
dents,asindexedby theparameterW in our model).

Thresholds and action

In mostdomainsdecisionthresholdsareusefulfor describingalargenumberof brain and
behavioralresponses[4, 5]. However,our resultsshowthat in someverysimplecomputational
systems,threshold-likebehaviormayariseasessentiallyanepiphenomenon:behaviormaybe
effectivelydelayedduethroughuncertaintyovermotor plans,not inherentcognitiveor neural
mechanismsthatsetboundsfor action.Thissuggeststhat in somedomainsthresholdsmaybe
replaceablewith otherrationalprocesses.

Thresholdsareadominantframeworkin thefield.However,thereareprior reportsof
their failureto capturesomeaspectsof behavior.In arecentneurophysiologypaper,oneof
themonkeysfailedto showneuralsignaturesof athresholdwhenselectingoneof the
options[60]. Themonkey'sneuronsbehavedasif theywerenot accumulatingevidence,
eventhoughtheaccuracyof themonkeyin thetaskwashigh.In anotherstudytestingfor
sourcesof noisein theaccumulationprocess,it wasfound thatsubjects(ratsandhumans)
werebestfit bymodelswith infinite thresholds[35]Ðboundswerenot necessary.In work
thatuseddynamicalsystemsto modelbehaviorit wasfound that verylow thresholdswere
requiredto producechangesof mind [61], andthat fastresponsetimesandhigh spikerates
werenot correlatedaspredictedbyarise-to-thresholdtheory[62]. Finally,neuralresponses
in canonicalaccumulationareascanbeexplainedbydiscretestepsratherthanramping
accumulation[63], plausibleindicatingtheproductionof discretesamplesinsteadof arise-
to-threshold.

Our studycomplementsthesefindingsandstronglysuggeststhatoncemotor modelsare
combinedwith statisticalinferencemodels,threshold-likebehaviormayemergeasaconse-
quenceof motor planning.Thiswork thereforepointstowardsmodelswhichmakeexplicit
theinterrelationof decisionandaction,andshowhowinterestingbehaviormayemergefrom
theconfluenceof simpleprocessesin inference,choice,andmovement.

An interestingresultwasthatmicro movementsbeforebutton releaseweremodulatedby
numericalratio,suggestinginformation processingearlyon.Thereareprecedentson this idea.
Micro eyemotionsduring fixation havebeenconnectedto activeinformation processingthat
transformsseeminglystaticvisualspaceto temporalsignalsinterpretableby theretina[64].
Studyingearlysignalsbecomesimportant in acontinuousdecisionframeworkbut canalso
inform on whetherchoiceisdiscreteor not.

Decisionmakingishighly likely to beamixtureof discreteandcontinuousmechanisms.
Theresultshereinarenot directlyunderminingthewholeideabehindthresholds.In fact,it
shouldbepossibleto comeup with adiscreteschemethatexplainstheobservedhumanbehav-
ior in our task,perhapsbyaddingmultiple post-lift off thresholds.Rather,wethink themain
insightis thatdecisionscanbeplacedin acontinuousframework,evenfor simplestaticcom-
parisontasks.It wouldbeinterestingto extendthis to classicdynamiccontextssuchastheran-
domdot motion task,usuallymodeledwith adiscreteframework.
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Choice error and movement uncertainty

Thetaskdesign(stimuluson-screenfor only 200ms)andmodelresults(D = 0.06)suggestthat
subjectsgatheredevidencefrom memoryor, equivalently,that theyaccumulatenon-stochasti-
callyandlinearly[10]. In general,theliteraturesuggeststhatbothof themareplausible[10,
32].However,it is important to clarify that this implicatesthat for themodelthesourceof
error madebysubjectsismostlydueto abiasin themeanof theinternalmemoryrepresenta-
tion. Theinitial samplesstronglybiassubjectsandwhenwrongtheyproducemistakes.That
is,thesourceof error isdrivenmostlybyabiasin theperceivedmeanof theinternalrepresen-
tation,ratherthanits variance.

Another intriguing aspectof our resultsis that it isunclearhowto movewhenthereis
ambiguousevidence.In our task,ambiguousinformation appearsin trialswith equalnumber
in bothsides(S6Fig).A simpleaverageof parallelmotor plansto eachoption will makethe
movementlandin betweentheoptions(e.g.[65]). Similarly,weightingbyamountof informa-
tion, aswedid here,will fail to fully drivetheindexfingerto thetarget(S6AFig).Dealingwith
uncertaintygridlocksisadifficult challengefor futuredecision-makingmodelsthat try to
accountfor movementpatterns,accuracy,andresponsetimesin 2AFC.Still,wepresentapos-
siblesolutionusingasatisficingstrategyin thesupplementalmaterial(S6Fig).

A signatureof uncertaintyis thepresenceof changesof mind [15]. Weproposethat they
resultfrom anearlyincorrectinferencedueto initial numericalevidencefavoringthenon-
selectedtarget.Also,becausethemodelproducedchangesof mind with slightlydifferent
parametersthanthebestfitted ones,theymayrequirefluctuationsin cognitiveparameters;
perhapsbroughtaboutbyexternalvariables,suchasdrop in attentionor fatigue.More inter-
estingis thatchangesof mind in numbercomparisonscanbeframedascontinuousevents
ratherthanthearrival to adiscretepostlift-off threshold[15].

Supporting information

S1 Fig. Effects of the memory parameter D. Eachrow hastheeffectsof differentmemory
parametersin anexampleseries.Column1:orangetraceis theoriginal sampleseries;black
traceis theEMA series.Column2:illustrateshowtheweightof eachprevioussampledecays
asmoresamplesarrive.
(PDF)

S2 Fig. Left (+) and right (-) trajectories. Upperandlowerheatbarsarepointwisesignifi-
canceeffectsof numericalratio of afunctionalANOVA. Shadingis2 s.e.m.
(PDF)

S3 Fig. Examples of randomly picked trajectories. Rowsorganizedbynumericalratio (0.1,
0.25,0.5,0.75,0.9)andcoloredasin Fig1B.
(PDF)

S4 Fig. Movement modulation in different axes. Numberratio effectswerestrongerin the
horizontalaxis.Shadingis2 s.e.m.
(PDF)

S5 Fig. No memory decay. A modelwithout memorydecayisalsosensitiveto numericalratio
in reach,accuracy,andresponsetime.
(PDF)

S6 Fig. Model and participants in trials with equal number. (A) Thebestfit modelin Fig4
favorsonesideevenin thesetrials(bluetrace).Thishappensthanksto thelimited numberof
stochasticsamplesin abrief reachlasting600mson average.(B) In trialswith equalnumber
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humanparticipantsfully arriveto target,suggestingatypeof satisficingstrategythatsettlesto
theclosesttarget.(C, D) A modificationof themodelthat implementsasatisficingstrategy
unrelatedto theinferencesuccessfullyarrivesto targetin all numericalratios(C), andrepli-
catesaccuracyandRTpatterns(D). Dashedline in accuracyplot ischance.In themodel
motor plansweremodulatedbycertainty.Thisseemsto predictthatwhenbothoptionsare
identical,say10dotsto theleft andright, subjectswill endup atexactlymidwaybetweenthe
targetsdueto maximaluncertainty.Contraryto thisassumption,in amovementthat is time
andspaceconstrained,theamountof stochasticevidenceis limited andonesidewouldbe
favored.Wetestedthemodelusingtheparametervaluesin Fig4andsimulatedtrialswith
equalnumberon bothsides(numberratio = 1). Interestingly,in thesetrialsaveragereachis
dominantlytilted to oneside(S6Fig,A). To fully arriveto targetsubjectscouldproduceatop-
downsignalandsatisfy.Forexample,astheindexfingergetscloserto thecomputerscreen
theysettletowardstheclosesttarget.Satisficingstrategiesarewellknown in decision-making
literature[66] andcanbeimplementedin themodelwith asimpleextensionto Eq(9),

weighted _q ¼ certaintydistance � _q ð13Þ

distance is thenormalizeddepthdistanceto thescreen(0 screenarrivaland1 startbutton).As
thefingerapproachesthescreenthepull exertedbycertaintybecomesweakerandthemove-
mentismostlydrivenby thekinematicupdate_q (e.g.atscreenarrival:certainty0 = 1).Physical
distanceisnot changingcertaintylevels,justhowrelevantit is for updatingmotor positions.
To observewhathumanparticipantsdo andtesttheextendedmodel,werananewexperiment
with trials thathadequalnumberof dotson eachside(testednumericalratios:0.25,0.5,0.75,
0.9,1;n = 22,meanage= 19.91years,s.d.= 1.80,Weberfraction= 0.15).Subjectsandthe
modelgot to targetin trialswith equalnumber(S6Fig,B,C).Themodelwasalsosuccessfulin
reproducingsensitivityto numericalratio in accuracyandresponsetimes(S6Fig,D). In this
experiment,though,participants'RTflattenedout in thehardestnumericalratios(0.9and1).
It isunclearwhybut recentlyit wasdemonstratedthatmotor initiation in humansisusually
delayed*80msandundervolitional control [67]. Movementinitiation ispartof anon-deci-
siontime whichmeansthat theassumptionwemadeof beingfixediswrong(but alsofound
in all evidence-to-boundmodels).Theseparticipantsmayhavereducedthedelayin move-
mentinitiation for thehardesttrials to optimizetime spentin thetask.More important is that
theflatteningout of RTandsatisficingstrategiesdo not contradictthegeneralargumentthat
subjectsmodulatetheir movementsbasedon arationalinference.
(PDF)

S7 Fig. Distribution of response times. Themodelreproducesfairly well responsetimes
(quantiles0.25,0.5,and0.75)but thedistribution of RTfor subjectsisnoisier(seeextreme
quantiles0.1and0.9).Wearguethatsuchadditionalnoisemaybein partexplainedbymuscle
forcesor flight time estimationswhichwerenot explicitlyincludedin themodelandcould
havebeenaffectedbycertaintylevels.Ratio0.1:cyan;0.25:black;0.5:purple;0.75:red;0.9:
green.
(PDF)

S8 Fig. Response times in incorrect trials. Similarlyto humanparticipants,themodelwas
slowerin incorrecttrials.Ratio0.1:cyan;0.25:black;0.5:purple;0.75:red;0.9:green.Lower
right panelisoverallmeanacrossratios(F(1,21)= 6.10,p = 0.02,Z2

g ¼ 0:05). Error barsare

s.e.m.
(PDF)
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S9 Fig. Index motion by performance. Mean reach in correct and incorrect trials of

humans (left panel) and the best fit model (right panel). Incorrecttrialsaremoremedialin
themodelthanin humans.This issimilar to whathappensin trialswith thesamenumerosity
on eachside(S6Fig):Evidencequalityisweakandhindersarrival to thetarget.Wereasoned
thathumansmaybeusingatop-downsignalto hit thetarget.Seeaplausibleimplementation
of suchtop-downsignalin S6Figi.e.distanceto thescreenisusedasacueto stoprelyingin
evidenceandinsteadtry to arriveto target(Eq10).
(PDF)

S10 Fig. Change of mind threshold and movement. Adding asecondpostlift-off threshold
andadeadlineto stopaccumulation,asin [15] did not improvemotor positioningof thetradi-
tional thresholdmodel.On average,theycollapsedto asimilar trajectory(top right). After the
secondthresholdthemodelmakesadefinitivecommitmentandon averagethefingergoes
directlyto target.Thefitting procedurecouldnot find abettersolution.Bestparameters:thr:
0.62,2ndthr: 1.02,deadline:51ms;dft: 0.28;ndt: 0.19s;sig2:0.14;k: 3.56.
(PDF)

S11 Fig. Response time quantiles for the traditional threshold model. Traditional threshold
modelsareexcellentat reproducingresponsetimes.
(PDF)
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