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explainthe presencef movementdeflectiond15]. Thresholdmodelshavealsobeencriticized
for beingunableto capturesubjectsfastappraisabf their environmentandtaskdemands
[16]. In fact,it seemdoo slowof anstrategyto wait for thresholdsn naturalenvironments
with non-stationaryproperties(e.g.ariver) in which categoricatesponseée.g.moveleft)
might not beappropriate For exampleasalmonin ariver with strongcurrentsmight bebet-
ter off continuouslyusinginformation from its surroundingsin adynamicafeedbaclsystem,
thanthresholdingeachof its individual control actions.

An alternativeparadigmfor understandingactionis that evidences usedcontinuouslyand
behaviordevelopalongthe output of aninferenceoverthe evidencestream.To testthisidea,
weanalyzedlatafrom anumbercomparisortaskin which participantswereaskedo com-
paretwo arraysof dotsthat differedin number.Their taskwasto point to the morenumerous
arrayby displacingtheindexfingerfrom adistantstartingpositionto oneof two targetson a
computerscreenDuring the choiceresponsesubjectsteachtrajectoriesverespatiallymodu-
latedby the difficulty of the numbercomparisonReachingesponseweresensitiveo the
numericaldistancewith closemumbersgeneratingpositionsproximalto the midline between
thetwo targetqFig 1). Theresultsindicatedthat numberprocessingccursduring the motor
responsealongthereachingtrajectory[17].

With the purposeof explainingthe empiricalresults we developed threshold-free move-
mentmodelin whichanoptimal motor planner[18] wascombinedwith continuousstatistical
inferenceaboutthe correcttargetfor amovementBecaus¢he modelis thresholdfree,move-
menteffectively?starts®immediatelyafterthefirst units of evidencestartto arrive,but slowly
atthe beginningdueto high uncertainty.As evidenceaccumulates;ertaintyincreasesndthe
effectorheaddo the besttarget.With suchaframeworkwereproducedsignaturebehavioral
findings,including the sensitivityof motor positioning,accuracyandreactiontimesto
numericaldistanceln the nextsectionsvepresenthe modelandarguethatit providesapar-
simoniousaccountof numericaldecision-makingand motor responsemodulatedby cogni-
tive output. Furthermore the useof anumericaltaskis incidentalin the sensehatthisis not
aninvestigationon the natureof mentalnumberrepresentationsaylog.vs.linear,but of a
decisionmechanismTherefore the presentedrameworkis potentiallyapplicablgo other
judgmentsanddecisionsandit raiseghe novelpossibilitythat decisionthresholdsareunnec-
essaryn othertasksoncemodelsof motor planningimplementstatisticainferencein deci-
sion-making.

Experiment
Materials and methods

Ethical statement. Experimentaproceduresadheredo universityandnationalethics
standardsasapprovedy the ResearclsubjectskeviewBoardat the Universityof Rochester.
All participantsprovidedwritten consento participatein the study.

Participants. 22right-handedparticipants(13femaleMeanage20.5yrs,SD:2.2yrs)
participatedin the experiment.

Task and apparatus. Participantavereaskedo reportthe sidewith more dotsby reach-
ing to largecleartargetson ascreerwith their indexfinger (Fig 1). At eachtrial, movement
started~ 29cm from the screenwith theindexfinger pressingdown on astartbutton. Dots
stayedn-screerfor 200msandsubjectsverefreeto releasehe button anytimeandreachto
thedesiredtarget.Flighttime wasnot enforcedandno performanceeedbackvasprovided.

Fivenumericalratioswereused(0.1,0.25,0.5,0.75and 0.9)equallydistributedamong420
trials (presentedn 4 blocks).For examplearatio of 0.1is atrial with 1 dot vs.10dots(we
usedmaximum25dots).Thesidewith more dotswascounterbalancedn half of thetrials
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Fig 1. Task (A), reach gradient (B), and discrete behavioral measures (C). (A) Subjectsvereaskedo reportthe morenumerouwsarrayof dotsby
movingtheir indexfingerfrom astartingpositionto oneof two targetson screerrepresentig eacharray.The numberof the arraysdifferedby fixed
ratios;for instancea 0.1ratio couldbeatrial with 1 dot vs10dots. Themaximumnumberof dotson agivenarraywas25.(B) Averagesubjectsteach
revealedin organizedgradientasafunction of numericalratio. The heatbar belowrepresentsignificarceof numberratio effectsat eachtime step,
estimatedvith functiond ANOVAs[19]. (C) Accuracyandresponséimesweresensitiv to numericalratio. Dashedine in accuracyplot wasfitted
with Eq2: Weberfraction= 0.17 Meanhorizontalpositionsalongthetrajectory(HP) arealsoshownasa discretesummaryof thetrajectoriesFor
readerswith pooracces$o colorinformation (e.g.blackandwhite print or colorblindness)all linesandpointsin this andthe remainingfiguresare
mostlyorganizedaccordingto numericalratio: in plotswith horz.positionseasieratiosweremore positive;in accuracylotseasieratiosweremore
accuratein RT plotseasieratioswerefaster(alsothe x-axisis usuallydepictingnumericalratio). Shadinganderror barsares.e.m.

https://doi.0g/10.1371Hurnal.pon€®195188.g001

both sideshadequalcumulativeareacoveredy the dots(thisis the areaof eachdot summed
overall dots),intendedto discouragehe useof this visualcue.Also,by randomlyplacingthe
dotsadensitystrategywasthwarted.In generaljt is well stablishedhat peoplecanusevisual
numberoverothercueq1, 20+22].

Recordingwasdonewith a Northern Digital Optotrak 3020 samplingat 200Hz, and
stopped4 cmfrom the screenThiswasmostlyfor technicalreasons.e.avoidsignalloss
whenapproachinghe screenTrajectoriesvheresubjectgpulledbackduring flight werenot
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analyzed7.66%dropout) andonly correcttrials wereconsideredseereachin incorrecttrials
in SOFig).A correcttrial wasdefinedasatrajectorywith 50%or more of points,including the
endpoint, on the appropriateresponseideasdeterminedby the midline of the screen(90%
of trajectories) Thereforeanyobservedeachingmodulationis relatedto motor plansthat
wereheadingtowardthe correcttargetmostof thetime. To havethe samenumberof points
for all trajectoriestime wasnormalizedto anarbitrary numberof points(101)[17,23+25].
Leftandright trajectoriesvereaveragedby flipping the signof the left trajectory(sedeft and
right reachseparatelyn S2Fig).Resultfocusecbn the horizontalaxisasthe responsdargets
wereplacedaterally,and numberratio effectaverevisibly dampenedn the depthcoordinate
(S4Fig).

Model: Evidence and controller

Themodelaccumulateevidencegxecutedstatisticainferenceon the potentialtargetof
behaviorgiventhe evidenceandpositionedthe motor effectorwith anoptimal feedbaclcon-
troller. This setup allowedusto exploreplausiblecognitivevariablesnvolvedin adecision-
makingtaskthat requiresanumberjudgment:samplerate(R), samplememorydecay(D),
andacuityof the Bayesiarstimateof the numericaldifference(W). Thegenerapicturewe
describdsthatthe participantsaccumulatesvidenceaboutwhich choiceis the correctone,
weightthis evidenceaccordingto amemorydecayandfeedtheir estimatesanduncertainty
into acontinuously-operatingnotor controllerin orderto move(Fig 2). Note thattheterm
aaccumulationds not referringto the accumulatormodelin numbercognitionliterature.We
understandaccumulatiorasthe proces®of obtainingandrecordingsamplegrom aninternal
representatior{seebelowfor details)while the numbercognitionaccumulatorrefersto a
modelof non-verbalcounting[26].

Evidence

Noisyevidencevassampledrom theinternal representatiorof the numericaldifferenceThe
internal representatiowasassumedsaussianfollowing standardpsychophysicef number
[27,28],

s(i) ~ Normal(|n, — ny|, w\/n? + n2) (1)

s(i) isthesamplé, takeneveryR ms(afreeparameter)Thesymbol ~ standdor 2distributed
as®.n_andng arethe presentechumberson eachside.Samplegormedthe evidencestream
S = (51,52, 53,- -+ Six- - - $5), With n denotingthe total numberof samplestagivenmovement
time t. Thevaluedfor R wereboundedto bebetweerl-100msto reflectrealisticvaluesof spik-
ing ratesof numberprocessingneurons[29]. A negativesamplefrom Eq (1) is evidencgavor-
ing thewrongnumber.

Thevalueof w determinesvidencenoise(Eq (1)). Followingnumbercognitionliteratureit
will bereferredto asthe Weberfractionandit is computedby fitting averagerror rateacross
participantsto,

1 |nL — ”R‘

—erfc| ——F——— 2

2 f(w\/i/n%—i—n% @
erfcisthe complementanerror function [30]. A Weberfraction wascomputedfor eachpartic-

ipant. The obtainedmeanWeberfraction from participants’choicesvasequalto 0.17(s.d.=
0.04;meank?=0.965.d.= 0.02),in line with previousnumbercomparisonexperimentg31].
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Fig 2. Model diagram. (1) Theapproximde numbersystenproducesviderce/sampleatarateR e.g.every30ms.(2) Thisgeneratesa streamof
evidenceTheimportanceof eachsampledecaysvith arateD (S1Fig). Thedecayaccountfor memoryeffectdn participans.(3) Insteadof summing
the streamto athreshold evidencds usedto infer whichtargethasthe largernumber.As more samplesrrivethe width or confidenceon the
estimationimproves (4) Theindexfingeris placedoy amotor controllerthat minimizesmovemenferk andthatis sloweddown by the degreeof
confidenceThegreenandcyanarrowssymbolizehe hardestandeasieshumericalratio, respectivly. Their lengthdepictdegreeof uncertainy; e.g.
hardercomparisos producestrongemullsto the otherresponsearget.Thered line acrospanelds the veridicalnumericaldifference.

https://doi.0g/10.1371§urnal.pon®195188.9g002

We alsocomputedaWeberfraction usingall the dataandthe obtainedvaluewasalsoaround
0.17.In themodelweusedthelatter.

Thenumericalstimuluswason-screerfor abrieftime whichmeanghat evidencesamples
wereproducedfrom memory(seesamplingfrom memoryin [32]). We introducedamemory
decayto the evidencestreamsin orderto modelaupweightingof initial information in the
statisticainference We usedan exponentialmovingaveragdEMA) [33]

EMA(i) = D - s(i) + (1 — D) - EMA(i — 1) (3)

Weinitialize EMA(O) = s(1). D is afreeparameteibetweerD and 1 that determineghe
strengthof the memorydecayFor exampleif D = 1 theevidencestreamsis unmodified (no
memoryof previoussamples)Alternatively,a D closeto 0 makeshe seriegravitatearound
theinitial sampleakin to asystenwith primacyeffectan memory[34] (for visualization®f
howthe memorydecayparametemworksseeS1Fig). Otherwayof interpreting D is asagener-
alizationof differentaccumulationrschemesA D = 1isamemory-freestochasti@ccumulator
in which only the noiseof the samplingdetermineschoice[35]. A D = Oisanon-stochastic
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linearballisticaccumulato10] in that samplingnoiseis completelyreducedby theinitial
sampleValuesin betweercanberegardedascontinuousvariationsof thesepossibilities.

Controller and statistical inference

Themodelusedan optimal feedbaclcontrol, aframeworkthat hasbeensuccessfudt explain-
ing awide arrayof motor behavior{36]. In generalthis frameworkproposeshat motor com-
mandstry to minimize acostfunction alongthe movementwhile concurrentlytakinginto
accountthe presentstateof the systemandtaskdemandsThisflexibility wasessentialor our
purpose®f generatingnovementghat wereaffectecby continuousnumberprocessing.

Specificallyywetacklethe kinematicproblemwith acriterion of jerk (third derivativeof
position) minimization [37] andan optimalfeedbaclkcontroller derivedby [18] (referto those
worksfor further detailson the analyticalderivations) At eachtime stept, changeso the state
q of the motor effectorweredeterminedby,

. 0 1 07re7 [0
g =lxl=| 9 O L] +]%]x (4)
60 —36 -9 60
x I T S I Rt 2

Thecontrollerusedthe currentpositionx, velocityx, acceleratiork, theremainingtime
d = t;— t,andthe endtargetx;, to updatethe effectorstate Here refersto currentmovement
time and#to total movementime. Movementtime ¢, wasrandomlysamplecat the beginning
of eachsimulatedtrial from the dataof the appropriateratio. Eventhoughfixed movement
timesarenot ideal,spontaneouslgeneratinghemis a difficult problemandmanyinfluential
motor modelsusea similar strategyof derivingthemfrom data[18,23,37,38]. For theinter-
estedreaderderivationsof optimal movementime for the jerk modelcanbefoundin [39].
Thekinematicstateg wasinitialized at 0.

Recentvork suggestthat motor plansaremodulatedby certainty[40], anassumptiorthat
weincorporateand extend.Themodelfirst determinedthe probability of which sidehadthe
largeshumberof dotswith the cumulativeprobability,

po=p(>0), (5)

Pr = 1 — P (6)

with u = n_ - nri.e.thenumericaldifferencelf theleft sidehasthelargernumber,Eq(5) rep-
resentghe probability of beingcorrect.

Theprobabilitiesp, andpg evolvedaccordingto the samplechumbers More concretely,
weassumedhat subjectsveretrying to positionthe effectorwith the bestpossibleestimate
of thenumericaldifferencey = n, — ng, givenallthe samples in EMA takenup to time .
Thenumericaldifferencey wasinferredwith auniform prior p(x), andnormallikelinood
plelu, W, nq, ny,); with W asafreeparameterepresentinghelikelihood noise.Theresulting
posteriorp(u| W, ny, ny, €) from auniform prior andnormallikelinoodisitselfnormally dis-
tributed (dueto spaceconsiderationsvedirectthe readerinterestedn this derivationto [41]),

W) ~ N (e @)

n

where g isthe meanof the EMA samplesThefreeparameteri determineghe overallconfi-
dencein the obtainedmeannumericaldifferencelt shouldnot beconfusedwith w above,
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which determineghe noiseof theinternal numericalsamplesw characterizesamplingin per-
ception,while W characterizesonfidencan action.ConceptuallyEq7 tellsusthatthe Bayes-
ian estimateof y is centerecat the meanof the samples andthe noiseof that estimatgW) is
reducedasmore samplegn) arrive.In moredirectterms,aBayesiamgentshouldbemore
confidentof their numericalperceptionastheygetmoreevidence.

Headingdirection wasthendeterminedwith thelargesiprobabilitye.g.if p. > pr, moveto
theleft. The certaintywasdefinedto bearescalingof the entropyoverp, andpg thatgivesa
measurdetweerDand1:

H(0.5) — H(p,) H(0.5) — H(pyg)

certainty = H(0.5) = H(0.5) (8)

whereH(p) = -(p logp + (1 - p)log(1- p)). Thus,Eq(8) effectivelyneasuresiow muchinfor-
mation thereis favoringthe currentheadingdirection.
The certaintyis thenusedto modulatethe motor update,

weighted q = certainty X g (9)

Theincorporationof certaintyis equivalento delayingthe updateof the effectorwithout
alteringthe natureof the optimal control (minimizing jerk). Theendresultis that velocityand
the otherkinematicchangesresloweddown accordingto the availabldevelof information.

Traditional threshold model

We alsoimplementeda moretraditional thresholdmodel[5] with five parametersthreshold
(thr), drift of samplegdft), varianceof samplegsig2),non-decisiontime (ndt), collapseateof
threshold(k). We actuallytestedwo versionsa) onedrift that functionallychangedwith diffi-
culty levelandb) five drifts. Resultsverepracticallysimilar with both versionsandwedecided
to presenthe resultsof the simplerfirst version.Thefunctionalform thatweusedwasbased
on atraditional formulain numbercognitionliteraturethat reflectshow numericalratio
affectdifficulty [30],

abs(ratio, — 1)

drlftTriali = 1 - e?fC (10)
V2 x dft x \/(r)? +1
Thethresholdcollapsedverymsasfollows,
thr
threshold(t) = 11
0= (1)

Fitting

Themodelhasthreefreeparameterssamplingrate(R), confidence/acuitf W), andmemory
decay(D). Fitting themallowsusto testthe influenceof thesecognitivevariablesParameter
valuesveredeterminedwith aglobalsearchof the parametespacewith the DIRECT-L algo-
rithm [42] asimplementedn nloptR[43]. The algorithm minimized the sumof two mean-
squarecerrors(MSE):1) MSEof meanhorizontalpositionsalongthetrajectory(Fig 1C),and
2) MSEof accuracyFig 1C).We simulated480trajectoriegpernumericalratio and computed
anaveragesimulatedtrajectoryfor the MSE.Aswith data,wenormalizedtime to 101points
andusepositionsup to 99%of the endtargetto accountfor the gapthatwasnot recorded(see
Taskandapparatus).
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Wedid not modelabutton andthe forcesrequiredto releasét. We usedthe median
amountof movementeforeparticipantsreleasedhe button. Themedianvaluewas0.28mm
acrosgarticipants We usedthatreferencdo defineRT. RT wasthe amountof time required
to move0.28mm plusnon-decisiontime. Non-decisiontime refersto aconstantime, mainly
visualandmotor responselelayqd5]. Thiswassetmanually afterthefitting procedurewith
valuedoundin thethresholdliterature:200-500ms|[7, 15].

Change®f mind weredefinedascorrector incorrecttrajectorieshat penetratedl cm of
the oppositesideof the lastrecordedposition of theindexfinger.

Accuracyandresponsdimesfor the traditional thresholdmodelwerefitted usingBADS
algorithm[44] (againminimizing afunction of MSE).After obtainingthe bestparametersve
thenproducedpositionsasexplainedalongthe main text.

Interim summary

Thenumbercomparisontask(Fig 1) wasmodeledby combiningkeyideasfrom threeinfluen-
tial approaches the sensorimotordomain (Fig 2).

1. Accumulationof evidencd4]: it wasassumedhat subjectsamplecevidenceaboutthe
numerosityfrom eachdisplayaccordingto Weber'daw[27,28,30,45,46]. Thisevidence
wassampledatarate(R) andit wasaffectedoy amemorydecay(D).

2. Bayesiaiinference/47]: the mostlikely locationof the correctoption wasinferred usingthe
accumulatectvidenceandthe precisionof the inferencewasdeterminedby an acuity
parametei(W).

3. Optimal feedbaclcontrol [18]: aminimizing jerk movementwasweightedby certainty
[40] computedfrom the probabilitiesof theinference.

Results

Participantsvereaccuratgoverallaccuracy= 90%)andrelativelyfast(meanRT betweertri-
als=510.8ms,s.d.= 254.5ms).A repeatedneasure ANOVA revealedhataccuracy

(F (4,84)=335.06p < 0.001;73 = 0.92) andresponseimes(F (4,84)=6.34,p < 0.001,

'7§ = 0.08) weresensitivao numericalratio (Fig 1C).RTshavebeenpreviouslyreportedto be
fasterwhenlargernumbersareto theright side[48]. Nonethelessesponseideeffectsand
interactionswith numericalratio werenot significant(p>0.7).

Averagdrajectoriesveresmooth[38,49,50] andthe numericaldistancebetweerthe
arraysmodulatedsubjectseach(Fig 1B),suggestin@fluid integrationof cognitiverepresen-
tationsto motor plans.Thesmoothnesi Fig 1Bis aresultof averagingalargeamountof tra-
jectories Still, smoothreachcanbeobservablén singletrials (randomexamplesn S3Fig).

A continuousview of decisionmakingpredictsthat choicesignalsshouldbedetectablet
everytime stepof the processnot only atthreshold.The meanvalueof displacementsf the
infrared markerbeforethe button beingdepressedndthe meanheadingangleduring the
first L00msweremodulatedby numericalratio (Fig 3) (micro motion: F (4,84)= 4.01,
p=0.005p; = 0.009; headingangleF (4,84)= 2.57,p = 0.043y> = 0.03).

To explainmodulationof behavionn accuracyRT,andreachwetestedamodelwith 3
parameterssamplingrate (R), samplingmemorydecay(D), andlikelihood noise(W). The
modelreproducedhe observedensitivityto numericalratio acrosgshe threemeasures
(Fig4). Suchsensitivityappearedecausevidenceaguality dependon numericaldistance For
examplewhencomparingclosenumbers say9 dotsagainstlOdots,perceptuakvidenceas
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Fig 3. Mean micro motion before lift-off (left) and heading angle during the first 100 ms after lift-off on correct trials (right). Therewereearly
signsof modulation of movemat by cognitivedifficulty. Headingdirection wascomputedasthe angleof the vectorformedby the infrared position
andtheinitial positionatthetime of peakvelocity[51]. Error barsarewithin s.e.m[52].

https://doi.0g/10.1371§urnal.pon®195188.9003

too noisyaffectingtheinference delayingmotor output,and producingslowerresponse
times.In generalthe modelaccountdor classicaindexesof mentalprocessindy meansof
continuousstatisticainferenceand optimal motor planning,without adecisionthreshold.

Perhapdecauseur taskwasmemoryintensive(stimuluswasstaticandon screerfor only
200ms)the bestmodelrequiredstrongprimacyeffectdD = 0.06;0r, equivalentlyjt behaved
asanoise-reducedinearaccumulator)To further testhow generalwasthe proces®f contin-
uousinferenceregardlessf memorydynamicswefitted positionsto the mostbasicmodel:
samplingrate(R), likelihood noise(W), but no memorydecay(D = 1). Eventhoughthe simu-
latedeffectaverelesshuman-like the sensitivityto numericalratio in reach accuracyand
responsédime wasstill present(S5Fig). This supportsthe notion that aslowlyevolvingmotor
planthattakegtime to generatenomentumdueto statisticauncertaintyis behindthe
observedeachgradient.

It is possibleo extendthe modelto includedecisionthresholdsSample$rom Eq3 were
summedup andoncethe accumulationgotto a + thresholdmotor positioningand statistical
inferencebegan(Eqs4 and9). Statisticalnferencewasdonewith pre and post-thresholdsam-
ples.Thebestfit modelrequiredapracticallyzerothreshold(0.27).Thereasora0.27threshold
is practicallyzerois betterappreciatedvith an exampleWhencomparing5 vs.10themean
valueof evidenceés 5 (see=q 1). Moreover,assuminga Weberfraction of 0.17 the probability
of anevidencevaluelessor equalto 0.27isroughly0.006(Eq 1). This meanghat anyinitial
samplds enoughto initiate movement.e.no thresholdis required.The alternatives to claim
that0.27is not literally zero.We believethat this is an excessivelgonservativestanceTo reit-
erategvidencean our modelisin units of numericaldifference We usednumericalvaluesn
therangeof 1to 32;a0.27thresholdis miniscule.

A sensitivityanalysigevealghe main difficulty thresholdshavein explainingreachinggra-
dientsin our model(Fig 5). Sufficientlylargethresholdsallowfor the production of enough
information to confidentlydecidewhichtargetto hit. Thus,asthresholddncreasaeach
becomeslirectandmodulationsby trial difficulty disappea(Fig5). Thechallengdor a
thresholdmodelis to translateevidencejuality at decisionto amotor plan.Our modelis a
plausibleémplementationand makegransparenbnepotentiallimitation of thresholdgo
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Fig 4. The proposed framework reproduced the sensitivity of participants to numerical ratio in reach, accuracy, and response times (for RT
distributions and incorrect RTs see S7 and S8 Figs). Error barsares.e.m.

https://doi.0g/10.137 1§urnal.pon®195188.9g004

explaincognitivemodulationof reachingwith enoughinformation movementshouldbedeci-
siveandstraightto target;howeverthisis not observed.

We alsotestedamoretraditional thresholdmodelwith five parametersthreshold(thr),
drift of samplegdft), varianceof samplegsig2),non-decisiortime (ndt), and collapseateof
threshold(k). The generaldeaof traditional thresholdmodelsis that evidencas accumulated
up to adecisionthreshold(thr). This evidencds sampledrom a Gaussiamlistribution with
meanequalto thedrift (dft) andvariance(sig2).Themodelassumeafixed delay callednon-
decisiontime, arisingfrom initial perceptuakncodingand motor output stagesinrelatedto
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thedecision Finally,to accountfor somehumanbehaviorahuancesit hasbeenproposed
recentlythat the thresholdshouldcollapseastime passeby.

Traditionalthresholdmodelsareexcellentatreplicatinghumandiscretechoicepatterns
andasexpectedhe modelreproducedaccuracyandresponsegimesof humanparticipants
(Fig 6). However traditional thresholdmodelswerenot designedo dealwith motor position-
ing astheir objectivewasto explaindiscretechoice[5]. To generatemotor positions,wecom-
putedthe posteriorprobability of beingcorrectasfollows,

p(samples|Corr)p(Corr)

p(samples|Corr)p(Corr) + p(samples|Incorr)p(Incorr) (12)

p(Corr|samples) =

theprior of beingcorrector incorrectis p(Corr) = p(Incorr) = 0.5,thelikelihoodsp(samples|
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Fig 6. Traditional threshold model. Themodelreproducesiumanaccuracyandresponsg¢imes(bottom panels) Themeanresponsgimesfor the
hardratios(red angreen)areslightlyfasterthan humanparticipants but the quantilesincluding the medianarewellfitted (S11Fig). Reachindtop
right panel),howeverwasdifferentfrom humansubjectsBestfit paraméers:thr = 0.62;dft = 0.28,ndt = 0.19s;sig2= 0.14k = 3.56.

https://doiorg/10.1371furnal.pon®195188.g06

Corr) andp(samples|Iincorrjvereassumedsaussian.e. ~ Normal(dft, sig2)and ~ Normal
(-dft, sig2) respectivelyit hasbeenproposedbeforethataproxy of confidencds to computea
likelihood ratio betweerboth hypotheseand placea newthresholdon that metric [53]. But
the questionremainson howto transformthatlikelihoodratio to motion. Insteadto compute
certainty(Eq 8), weusedthe posteriorin Eq12becausé is alreadyin probability spaceand
updatedpositionswith Eq9.We further assumedhat samplingcontinuedafterhitting the
threshold.

It isimportant to highlightthat this modeldiffersfrom our previousthresholdmodelin
thatit hasacollapsinghreshold Also,the parameter®f the Gaussiarevidencethe drift or
meanis relatedto cognitivedifficulty via Eql0andthevariances not connectedo cognitive
difficulty. And finally, in the posterior:oneposterioris basen two discretehypothesigEq
12)andtheotheron acontinuoushypothesispacenamelythe estimateof the numericaldif-
ferenceEq7).

Thetraditional thresholdmodelreplicateddiscretechoice namelyaccuracyandresponse
times,butit couldnot displaceheindexfingerto thetarget(Fig 6). Wetried to includeasec-
ond post-lift off thresholdfor change®f mind anda post-lift off deadlineto stopaccumulation
[15] andselecthetargetwith highestposterior.However jt wasnot possibldo replicatethe
positiongradientevenwith the addition of thesetwo parametergS10Fig). We notethat this
resultdependsn the posteriorused(Eq 12)andthe generaketup.
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Thresholdscanexplaindiscretechoice(Fig 6). Continuousoutput, howeverjmposeachal-
lengeon the frameworkthat requiresnon-trivial extensionskor instanceaddingpost-lift off
thresholdstime limits on accumulationformalizationof confidencametrics,andtheir inter-
actionwith motor plans.We couldnot strikethe correctbalancesothatasingleor multiple
stagaliscretethresholdmodelcould explainthe data(butin principle thereshouldexistan
appropriateone).A continuousinferenceschemeon the otherhand,wassuccessfuh
approximatinghumanchoicepatterns.

Changes of mind

Change®f mind aredeviationsof the motor effectortowardatargetdifferentfrom theinitial
selectionTheyareof interestbecaus¢heyconfirm the presencef online processingluring
reach Eventhoughthe modelandthe staticnatureof the stimuluswerenot designedo probe
change®f mind, the modelwasableto producethem (Fig 7D).

A o Human Changes of Mind B R: 20; W: 1.00; D: 0.15
.';9 1o 8 | Weber=0.3
— 025 ™~
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E o — 0.75 E
E o 0.9 E 8 —
N i N i
NS N3
O I O I
I o I = .
Lo i -
‘T T A A T T T T T ‘|‘AA| T T
0 20 60 _ 100 0 20 60 _ 100
Normalized Time Normalized Time
C — D Double Changes of Mind
2 B Human data
O Model
8 _. O Corr -> Incorr. g 9 Human 3. Model
= €
- QAl EB € o |
.9 O n 8o gm,
4: o " o “a
9 8" £
9 EI)_(‘) 50 40 €0 80 100 'LQ'_(‘) 20 40 60 80 100
ol 8 = m .j — Normalized Time Normalized Time
S 0.1 0.5 0.9

Ratios

Fig 7. Changes of mind without post-lift off thresholds. (A) Change®f mind in humanparticipantsThick color linesareaveragesoloredby
numericalratio. Arrows on the x-axisareameanproxy of wherethe changeof mind first appearedthe x coordinates of the minimum pointsof thethick
lines).(B) Change®f mind producedby a parametization of the model.(C) Theyincreasedvith cognitivedifficulty, bothin the modelandhumandata.
Theminority of change®f mind werefrom correctto incorrect(gold). (D) Example®f doublechange®f mind in themodelandhumandata.

https://doi.0g/10.137 1§urnal.pon®195188.g007
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Also,weobservednorethan onechangeof mind in sometrials (Fig 7D). In the model,
change®f mind aretheresultof continuousstatisticafluctuations.This meanghat multiple
change®f mind arepossiblevithout additionalassumptiongFig 7D;theyarehighly scarcen
humandataandthe model(<0.3%).

Thirdly, amanually-tunedparametrizatiorof the modelreplicatesknown characteristicef
change®f mind reportedin previousliterature[15]: 1) highly scarceandmore prevalentn
hardtrials (Fig 7C);2) theytendto fix anerrori.e.theygofrom incorrectto correct(Fig 7C);
and3) mostof themappearrelativelyfar from thetargetdependingn trial difficulty (see
arrowsin Fig 7A and 7B).Thereforethemodelin Fig 7 represents plausibleaverageogni-
tive statepresentwhenchange®f mind occurred.Thiswasobtainedwith a manuallytuned
modelbecausétting the modelwith the globalmethodby addingchange®f mind (seeMeth-
ods)producedamildly informativecompromisebetweerpositions,accuracyand change®f
mind. This mayonly testifyaboutthedifficulty to fit 3 dependentariablesatonce.More rele-
vantis thatthe manually-tunedparametewvaluesvereinsightful aboutchange®f mind as
continuousin nature.Note,howeverthatthe parameteraluesobtainedby fitting positions
andaccuracyFig4) producedtoo fewchange®f mind (< 1%).Subjectstognitiveparameters
mayhavefluctuatedto producetherateof observedthange®f mind (~ 3%).Thedetailsof
suchfluctuationarebeyondthis work but could becausedy dropsin attentionor fatigue,
leadingto ahigherWeberfraction or analteredlikelihood noise.

Importantly, change®f mind canoccurin the proposedcontinuousregimeandcomply
with featuredound in previousbehavioralvork [15]. For examplein the modelthereason
thatchange®f mind tendto beprevalentn hardtrialsandcorrectanerror is thataninitial
streamof incorrectevidencas morelikely to occurwhennumbersareclose(Eq 1) but as
more samplesrrive,andbecaus¢hereis acorrectanswertheinitial streamof incorrectevi-
denceis overrunandtheinferencechangesSimilarly,the point wherea changeof mind
occursalongthereachingtrajectorydependn numericaldistanceseecoloredtrianglesin
Fig7A and7B)becausdlifficult comparisongieneratéow qualityinformation takinglonger
to overrunaninitial streamof incorrectevidence.

Weber fractions

Sofar weusedthe Weberfraction w estimatedrom accuracyfollowing standardpracticesn
numbercognitionliterature(Eq 2). With the modelit is possibleo estimatat usingsubjects'
positionsand accuracyseeMethods).Thatis,weaddw asafreeparameteiin thefitting pro-
cedure We found parameteralueghat reproducedsensitivityto numericalratio in reach,
accuracyandresponseime (Fig 8). The obtainedWeberfraction w washigherthantheone
obtainedfrom accuracyalone(0.17vs0.39) A perceptuakystenthatis noisier,asrevealedy
ahigherWeberfraction,reproducesiccuracyln otherwords,eventhoughit is possiblego
estimatealow Weberfractionfrom accuracythe underlyinguncertainty asrevealedy reach-
ing, is not capturedby just usingpercentagef correctanswersHowever it is worth to high-
light thatthelargerWeberfraction mayalsobeareflectionof astrongmemoryeffectin
sampling(D = 0.06).Futureexperimentgouldtry to separatenemoryeffectdrom purelyper-
ceptualnoise.

Discussion

We presentedh modelthattranslatecahigh levelcognitiverepresentationpumber,into
dynamicaction.Our threshold-freanodelaccountedor the subtletief humannumerical
decision-makingincluding accuracyresponséime, the spatiallayoutof reachtrajectories,
andchange®f mind.
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Fig 8. Weber fraction estimation from dynamic (reach) and discrete (accuracy) dependent variables. In all the previousfiguresthe Weberfraction
wasafixed parametewobtainedfrom subjectsaccuracyastraditionaly donein mostpsychophyisspaperof numerosiy. In thisfigure,wefitted a
modelwith the Weberfraction asafreeparaméer. This meanghat the parameteis obtainedboth from dynamicreachanddiscreteaccuracyBy
including reachweobtainedahigherWeber(0.17vs0.39)i.e.anoisierperceptuakystenthat reproduceshe sameaccuracyandreach Error barsare
s.e.m.

https://doi.0g/10.137 1§urnal.pon®195188.9g008

Number cognition

Thereis aconsiderableamountof work exploringnumberrepresentationandtheir effectson
movementplans[17,54+56].Thenoveltyof our work is aformalizationof how psychophysical
representationsf numbermaybeprojectedto reach.Two relevantheoreticainsightsare
worth noting. First,themodelneverdirectly projectedthe detailsof the numericalrepresenta-
tion. Previouswork hasproposedtherwiseandsuggestthat the motor systenforcesloga-
rithmic scale®r numericalformatsin howthe motor effector,i.e.indexfinger,is movedin
physicakpacg25,54,57].In our modelthe displacemenbf theindexfingeris not forcedto
follow preciseaspect®f the numberrepresentationit is the stateof the inferenceandconfi-
dencethatis beingreflectedalongthe reachingtrajectory(seeasimilar discussionn [56]). In
abroadersensemovementmayonly beawindowto adomain-generaprocesssuchasconfi-
denceratherthandomain-specifiaspect®f cognition (log. scalingof mentalspace).

Secondthe modelallowedusto estimaté/Neberfractionsusingboth accuracyand move-
mentpatterns We found alargerWeberfraction thanthe oneestimatedrom accuracyalone
(0.39vs0.17 respectively)This suggestthat humannumericalsensitivitymaybemisesti-
matedif confidenceanddecisiondynamicsarenot takeninto account.Thishasdirectimplica-
tions for math educationgiventhe effortsto connectperceptuahumericalestimation,
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numbermetacognitionandformal mathlearning[31,58,59]. By bringing forth the ideathat
numericalestimationmaybeaffectediy confidenceor otherdecisionparameterssuchas
memoryin samplingjt maybepossibldo explainwhy someresearchernd positiveandoth-
ersnegativeresultsregardingtheimportanceof approximatenumericalestimationin formal/
symbolicmathematicsan argumentalsoextendedn [11]. In brief, the observedelation
betweerthe approximatenumbersystemand mathematicsnaybemediatedby aspectsinre-
latedto numericalWeberratios(e.g.perhapghe quality of theinferencevarieshetweerstu-
dents,asindexedby the parameteW in our model).

Thresholds and action

In mostdomainsdecisionthresholdsareusefulfor describingalargenumberof brain and
behaviorafresponsept, 5]. Howeverour resultsshowthatin someverysimplecomputational
systemsthreshold-likebehaviomayariseasessentiallyan epiphenomenonbehaviormaybe
effectivelydelayedduethroughuncertaintyovermotor plans,not inherentcognitiveor neural
mechanismshat setboundsfor action.This suggestthatin somedomainsthresholdsnaybe
replaceabl&vith otherrational processes.

Thresholdsareadominantframeworkin thefield. However thereareprior reportsof
their failureto capturesomeaspect®f behaviorn arecentneurophysiologyaper,oneof
themonkeysfailedto showneuralsignature®of athresholdwhenselectingoneof the
options[60]. Themonkey'sneuronsbehavedsif theywerenot accumulatingevidence,
eventhoughthe accuracyf the monkeyin thetaskwashigh. In anotherstudytestingfor
source®f noisein theaccumulatiorprocessit wasfound that subject{ratsandhumans)
werebestfit by modelswith infinite thresholdd35]Pbounds werenot necessaryn work
thatuseddynamicalsystemdo modelbehaviorit wasfound thatverylow thresholdsvere
requiredto producechange®f mind [61], andthatfastresponsdimesandhigh spikerates
werenot correlatedaspredictedby arise-to-thresholdheory([62]. Finally, neuralresponses
in canonicalaccumulationareacanbeexplainedoy discretestepsatherthanramping
accumulation63], plausibleindicatingthe production of discretesamplesnsteadof arise-
to-threshold.

Our studycomplementghesefindingsandstronglysuggestthat oncemotor modelsare
combinedwith statisticainferencemodelsthreshold-likebehaviormayemergeasa conse-
quenceof motor planning.Thiswork thereforepointstowardsmodelswhich makeexplicit
theinterrelationof decisionandaction,and showhow interestingbehaviormayemergerom
the confluenceof simpleprocessem inference choice,andmovement.

An interestingresultwasthat micro movementseforebutton releasaveremodulatedby
numericalratio, suggestingnformation processingarlyon. Thereareprecedent®n thisidea.
Micro eyemotionsduring fixation havebeenconnectedo activeinformation processinghat
transformsseeminglystaticvisualspaceo temporalsignaldnterpretableby the retina[64].
Studyingearlysignaldbecomesmportantin acontinuousdecisionframeworkbut canalso
inform on whetherchoiceis discreteor not.

Decisionmakingis highly likely to bea mixture of discreteand continuousmechanisms.
Theresultshereinarenot directly underminingthe wholeideabehindthresholdsin fact,it
shouldbepossibleo comeup with adiscreteschemehat explainghe observechumanbehav-
ior in our task,perhapsy addingmultiple post-lift off thresholdsRather wethink the main
insightis thatdecisionsanbeplacedn acontinuousframework,evenfor simplestaticcom-
parisontaskslt would beinterestingto extendthis to classiaynamiccontextssuchastheran-
dom dot motion task,usuallymodeledwith adiscreteframework.

PLOS ONE | https://doi.org/10.1371/journal.pone.0195188  April 5, 2018 16/22


https://doi.org/10.1371/journal.pone.0195188

A threshold-free model of numerosity comparisons

Choice error and movement uncertainty

Thetaskdesign(stimuluson-screerfor only 200ms)andmodelresults(D = 0.06)suggesthat
subjectgyatherecevidencdrom memaoryor, equivalentlythat theyaccumulatenon-stochasti-
callyandlinearly[10]. In generaltheliteraturesuggestthat both of themareplausiblg10,
32].Howevert isimportant to clarify thatthis implicatesthat for the modelthe sourceof
error madeby subjectss mostlydueto abiasin the meanof theinternal memoryrepresenta-
tion. Theinitial samplestronglybiassubjectandwhenwrongtheyproducemistakesThat
is,the sourceof error is driven mostlyby abiasin the perceivedneanof theinternal represen-
tation, ratherthanits variance.

Anotherintriguing aspecbf our resultsis thatit is unclearhowto movewhenthereis
ambiguousevidenceln our task,ambiguousnformation appearsn trials with equalnumber
in both sideqS6Fig). A simpleaveragef parallelmotor plansto eachoption will makethe
movementiandin betweerthe options(e.g.[65]). Similarly,weightingby amountof informa-
tion, aswedid here,will fail to fully drive theindexfingerto thetarget(S6AFig). Dealingwith
uncertaintygridlocksis adifficult challengdor future decision-makingnodelsthattry to
accountfor movementpatternsaccuracyandresponsgimesin 2AFC.Still, wepresentapos-
siblesolutionusingasatisficingstrategyin the supplementamaterial(S6Fig).

A signatureof uncertaintyis the presenc®f change®f mind [15]. We proposethatthey
resultfrom anearlyincorrectinferencedueto initial numericalevidencdavoringthenon-
selectedarget.Also,becaus¢he modelproducedchange®f mind with slightlydifferent
parametershanthe bestfitted onestheymayrequirefluctuationsin cognitiveparameters;
perhapdroughtaboutby externalvariablessuchasdrop in attentionor fatigue.More inter-
estingis that change®f mind in numbercomparisonganbeframedascontinuousevents
ratherthanthe arrivalto adiscretepostlift-off threshold[15].

Supporting information

S1 Fig. Effects of the memory parameter D. Eachrow hasthe effectwf differentmemory
parametersn anexampleseriesColumn 1: orangetraceis the original sampleseriesplack
traceisthe EMA seriesColumn 2:illustrateshowthe weightof eachprevioussampledecays
asmoresamplesrrive.

(PDF)

S2 Fig. Left (+) and right (-) trajectories. Upperandlowerheatbarsarepointwisesignifi-
canceeffectof numericalratio of afunctional ANOVA. Shadings2s.e.m.
(PDF)

S3 Fig. Examples of randomly picked trajectories. Rowsorganizedoy numericalratio (0.1,
0.25,0.5,0.75,0.9)andcoloredasin Fig1B.
(PDF)

$4 Fig. Movement modulation in different axes. Numberratio effectaverestrongerin the
horizontalaxis.Shadings 2 s.e.m.
(PDF)

S5 Fig. No memory decay. A modelwithout memorydecayis alsosensitiveéo numericalratio
in reachaccuracyandresponséime.
(PDF)

S6 Fig. Model and participants in trials with equal number. (A) Thebestfit modelin Fig4
favorsonesideevenin theserials (bluetrace).This happenghanksto thelimited numberof
stochasticamplesn abrief reachlasting600mson average(B) In trials with equalnumber
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humanparticipantsfully arriveto target,suggestingtypeof satisficingstrategythat settlego
the closestarget.(C, D) A modificationof the modelthatimplementsasatisficingstrategy
unrelatedto theinferencesuccessfullgrrivesto targetin all numericalratios(C), andrepli-
catesaccuracyandRT patterns(D). Dashedine in accuracyplot is chanceln the model
motor plansweremodulatedby certainty.This seemgo predictthatwhenboth optionsare
identical,sayl0dotsto theleftandright, subjectswill endup atexactlymidwaybetweerthe
targetsdueto maximaluncertainty.Contraryto this assumptionjn amovementhatistime
andspaceconstrainedthe amountof stochasti@videncas limited and onesidewould be
favored We testedthe modelusingthe parametewaluesn Fig4 andsimulatedtrials with
equalnumberon both sideslhumberratio = 1). Interestingly,in theserials averageeachis
dominantlytilted to oneside(S6Fig,A). To fully arriveto targetsubjectsould produceatop-
down signalandsatisfy For exampleastheindexfinger getscloserto the computerscreen
theysettletowardsthe closestarget.Satisficingstrategiesrewell known in decision-making
literature[66] andcanbeimplementedn the modelwith asimpleextensiorto Eq(9),

weighted q = certainty™ " x g (13)

distance isthe normalizeddepthdistanceto the screen(0 screerarrivaland 1 startbutton). As
thefingerapproachethe screerthe pull exertedby certaintybecomesveakerandthe move-
mentis mostlydriven by the kinematicupdateg (e.g.at screerarrival: certainty® = 1). Physical
distancds not changingcertaintylevelsjusthow relevantit is for updatingmotor positions.
To observevhathumanparticipantsdo andtestthe extendednodel,weran anewexperiment
with trials that had equalnumberof dotson eachside(testednumericalratios:0.25,0.5,0.75,
0.9,1;n = 22,meanage= 19.91yearss.d.= 1.80 Weberfraction= 0.15).Subject@andthe
modelgotto targetin trials with equalnumber(S6Fig,B,C). Themodelwasalsosuccessfuh
reproducingsensitivityto numericalratio in accuracyandresponseimes(S6Fig,D). In this
experimentthough,participants’RT flattenedout in the hardesinumericalratios(0.9and 1).
It is unclearwhy but recentlyit wasdemonstratedhat motor initiation in humansis usually
delayed~ 80msandundervolitional control [67]. Movementinitiation is part of anon-deci-
siontime which meanghat the assumptionwe madeof beingfixedis wrong (but alsofound

in all evidence-to-boundnodels). Theseparticipantsmayhavereducedhe delayin move-
mentinitiation for the hardestrialsto optimizetime spentin thetask.More importantisthat
theflatteningout of RT and satisficingstrategieslo not contradictthe generabrgumentthat
subjectgnodulatetheir movementdasedn arationalinference.

(PDF)

S7 Fig. Distribution of response times. Themodelreproducegairly wellresponsdimes
(quantilesD.25,0.5,and0.75)but the distribution of RT for subjectss noisier(seeextreme
quantiles0.1and0.9).We arguethat suchadditionalnoisemaybein part explainedoy muscle
forcesor flight time estimationsvhich werenot explicitlyincludedin the modelandcould
havebeenaffectedoy certaintylevelsRatio0.1:cyan;0.25black;0.5:purple;0.75:red;0.9:
green.

(PDF)

S8 Fig. Response times in incorrect trials. Similarlyto humanparticipantsthe modelwas
slowerin incorrecttrials. Ratio0.1:cyan;0.25:black;0.5:purple;0.75:red;0.9:green Lower
right panelis overallmeanacrossatios(F(1,21)= 6.10,p = 0.02;? = 0.05). Error barsare
s.e.m.
(PDF)
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S9 Fig. Index motion by performance. Mean reach in correct and incorrect trials of
humans (left panel) and the best fit model (right panel). Incorrecttrialsaremoremedialin
themodelthanin humansThisis similarto whathappensn trials with the samenumerosity
on eachside(S6Fig): Evidenceguality is weakand hindersarrivalto thetarget.We reasoned
thathumansmaybeusingatop-downsignalto hit thetarget.Seea plausibldmplementation
of suchtop-downsignalin S6Figi.e.distanceto the screeris usedasacueto stoprelyingin
evidenceandinsteadtry to arriveto target(Eq 10).

(PDF)

$10 Fig. Change of mind threshold and movement. Adding asecondpostlift-off threshold
andadeadlineto stopaccumulationasin [15] did not improve motor positioningof thetradi-
tional thresholdmodel.On averagetheycollapsedo asimilartrajectory(top right). After the
secondhresholdthe modelmakesa definitive commitmentand on averagehefingergoes
directlyto target.Thefitting procedurecouldnot find abettersolution.Bestparametersthr:
0.622ndthr; 1.02 deadline51ms;dft;: 0.28;ndt: 0.19s;sig2:0.14 k: 3.56.

(PDF)

S11 Fig. Response time quantiles for the traditional threshold model. Traditionalthreshold
modelsareexcellenatreproducingresponsdimes.
(PDF)
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